1. Solve using method of variation of parameters
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Solution: Let the solution of the given DE be y = y.+v, where y. is the general solution for
the homogenous portion y” +y = 0 and y, be a particular solution for the non-homogenous
part.

Let y = €™ be a trial solution for y” +y = 0. Then the auxillary equation is m? +1 =
0 = m=2i=0+i(£l)...(a + if). So using y. = e**(C} cos fx + Cysin fz) we have

Yo = Cicosx + Cysinw (1)

So from the equation (1) the first solution is y; = y;(x) = cosz and the second solution is
Yo = y2(x) = sinz.

Now using the method of variation of parameters we have

Yp = v1(2)y1 + va(T)y0 (2)

where v; = v1(z),v9 = va(x) are functions to be determined through

viyr + vhys = 0, (3)
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V1Y1 + VY 11 sing (4)
From (3), we have vy = —%v;. Substituting this into (4)
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where A, B are particular constants. So the solution is

ﬁ +A> +sinz (In |1 +sinz| + B).
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2. Solve using method of variation of parameters
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Solution: Let the solution of the given DE be y = y. + vy, where ¥, is the general solution
for the homogenous portion y” 4+ 3y’ + 2y = 0 and y, be a particular solution for the non-
homogenous part.

Let y = €™ be a trial solution for y” 4+ 3y’ + 2y = 0. Then the auxillary equation is
m?+3m+2=0 = (m+1)(m+2)=0 = m = —1,-2. So using y. = C1e™" + Che™?",
we have

Yo = Cre " + Coe " (7)
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So from the equation (7) the first solution is y; = y;(z) = e~ and the second solution is
y2 = yaw) = e

Now using the method of variation of parameters we have

Yp = v1(7)y1 + va(2)y2 (8)

where vy = vy (2),v9 = va(x) are functions to be determined through

viyr + vyys =0, (9)
1
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From (9), we have vy = —%v;. Substituting this into (10)
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and
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y, = e " (tan~'(e") + A) + e (—5 In(1+ e*) + B)

where A, B are particular constants. So the solution is
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y=Cle " 4+ Coe ™ +e77 (tan_l(ex) + A) +e @ <_§ In(1 + e*) + B) '
3. Given that y = €?® is a solution of
Qr+1)y" — 4+ 1)y +4y=0

find a second solution by reducing the order. Can a general solution be derived from these
two solutions?

Solution: We first verify whether y = €2 satisfies the given differential equation.

Let y = e?* = 1/ = 2e2® and 3" = 4e?*. Substituting these into the given DE,

(22 + 1)y — (4x + 1)y + 4y = (22 + 1)(4e*) — (4o + 1)(2e**) + 4e**
= [4(2z + 1) — 2(4z + 1) + 4]
= [(8z 4+ 4) — (8z + 2) + 4]
=6e** £ 0

So y = €** is not a solution of the given DE and this cannot be solved by method of reduction
of order.



