First Order Linear Partial Differential
Equations

Let z = 2(z,y) : U C R? - R be an unknown function of two variables =
and y. A first-order partial differential equation (PDE) is given by

0z 0z
) ZZZ) =0 1
(x7y727 ax7ay> Y ( )
where F': U x R? — R.
% and az is commonly denoted as p and ¢ respectively.

A functlon z=¢(x,y): [ CR?* = Ris called a solution of (1) if the following
holds:

1. (z,y,2,p,q) € UxR3 for all (z,y) € I.

2. z € C'(I) i.e. it is continuously differentiable.

3. Putting the solution in the function yields an identity F' (z,y, ¢(x,y), ¢z, ¢y) =

0.
A first-order linear PDE has the general form a(z,y)p +b(x,y)q+ c(z,y)z =
d(z,y).

Formation of PDE

Form linear first order PDEs by eliminating arbitrary constants (or func-
tions). Here z = z(x,y).

(i) z =ax + by + ab

)

(i)

(iif) z = (z+a)(y+0b)
)
)

2 = ax?® + by?

(iv) z =2y + yva? — a? + b?

(v) z= ()



Solution

(i) Differentiating the given equation partially with respect to x and y, we
have,

_ 9z _ a(aa:—Fb +ab) = a, _0=_0
P=%5: " oz y N q_ﬁy dy

Substituting these into the given equation we have the required first order
linear PDE z = px + qy + pq.

—(ax + by + ab) = b.

(ii) Differentiating the given equation partially with respect to x and y, we
have,

0z 8z

Thus @ = > and b = 21. Substituting into the given equation we get the
required PDE 2z = px + qy.
(iii) Differentiating the given equation partially with respect to x and y, we

have,
0z b 0z

Thus a = ¢ — x and b = p — y. Substituting into the given equation we get
the required PDE 2z = pq.

=+ a.

(iv) Differentiating the given equation partially with respect to = and y, we
have,

(9z_ + ___ —%—x—l— 2 — a2 + b?
p ax y y /—xQ—QQ—f—bQ, q_ay_ .

Thus

Y /3 9 1 72 LY
_ = - IQ—CL2+b2: )
b=y Va? —a* + b? pP=y

Substituting into the expression for ¢, we get

Ty
p—y
Eliminating, we obtain the required PDE px + qy = pq.

q—x=

(v) Differentiating the given equation partially with respect to x and y, we

have, 5
z
p=ge = () (=) +re i (3):
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0z a1
1= 8y_x f(x)(a:)
Thus,
pr = —x"‘lyf’@) + nx"f@) ;Y= x”‘lyf’@) :
x x x
Adding, we obtain pz + qy = na" f (%) = nz, which is the required PDE.

Lagrange’s first order Linear PDE
Let z = z(x(t),y(t)). Then, by the chain rule,

dz  Ozdx n 0z dy

dt  Oxdt Oydt’
Now suppose u = u(z,y, z), where z = z(x,y). We introduce a parameter ¢
and consider = = x(t), y = y(t), so that z = z(x(t), y(t)).
Then by the same chain rule as above,

du  Oudx N Ou dy n ou dz
dt — Oxdt Oydt Ozdt
Using

dz  Ozdx Ozdy

@t ordt oydt

we have

d_(n ouos\dr (0 oude) dy
dt  \ox 0z0x) dt Oy 0z0y) dt

Again, as u depends only on x and y, we have, by the chain rule,

du  Oudxr Oudy

dt oxdt " oydt

Comparing the coefficients of % and % . we have
di dat’

ou Oudz Ou ou Ou % ou

=, b =

Or 0z0x Ox dy 0z0y Oy
Now suppose F'(u,v) = 0 is an unknown function in u, v where v = u(z, y, 2)
and v = v(z,y,2) and z = z(z,y).



Then we have,

OF _oFou orov  OF _oFou oo
or  Oudxr Ov oz’ oy Oudy Ovoy

Putting the values of %, ‘g—z from above and similarly for %, g—z we have
OF _OF (0 0udz\ OF (90 000:
or  Ou \0x 020z ov \Oxr 0z0x)’
OF _OF (9u 0ud:\  OF (00 0v0:
dy  Ou \dy 0z0y ov \oy 0zdy/)

Now the above is a simultaneous linear equation and we want to eliminate
F,, F,. Thus,

Up + U2z Vg + VzZg
Uy + U2y Uy + U2y

Expanding the determinant, we obtain

(U + Uz2y) (Vy + V22y) — (uy + uz2y) (Vg +0,2,) =0

= (UpVy — UyVy) + (UgVy — us0,) 2y + (U0 — uyv,) 2, = 0.

Thus, rewriting as,

Pp+Qq =R,

where

D=2, q=2y, P=uv,—uv,, Q=uv,—uv,, R=uyv,—uv,.

is called Lagrange’s first order linear PDE.

The general solution of Lagrange’s first order linear PDE can be written
in the form F(u,v) = 0 where v = u(x,y,2) = C1,v = v(x,y,2) = Cy,
z = z(z,y) and C, Cy are arbitrary constants. This is the reason we formed
the differential equation using such a function.

To solve Lagrange’s first order linear PDE, we first find the auxiliary equa-
tions



dv dy dz
P Q@ R
Now a few methods exist.
(i) Method of grouping
We take any two ratios such as
dr  dy
P Q

Solving this, we obtain a relation

u(z,y, z) = c1.

Similarly, taking another pair, for example,

dy dz

Q R
we obtain another relation

v(x,y, z) = co.
Thus, the general solution is given by

F(u,v) =0

(ii) Method of multipliers

We choose functions (called multipliers) [ = l(z),m = m(y),n = n(z) such
that

[P+ mQ +nR=0.
Then,

lder +mdy+ndz=0.

Integrating, we obtain a relation

u(z,y,z) = .



Similarly, by choosing another set of multipliers [ = [1(x),m = my(y),n =
ni(z) satisfying
llp + le + an = O,

we obtain another relation

v(z,y,2) = c.

Hence, the general solution is
F(u,v) =0

(ii) Method of ratio manipulation

We manipulate the ratios to form simpler differential relations.

For example, if
dv dy dz

P Q R’
then we may write
de—dy dy—dz dz—dx
P-Q Q-R R-P°
(addition can be used similarly). Solving any two of these, we obtain two
independent relations

uw(z,y,z) = ¢, v(x,y, z) = co.

Hence, the general solution is

F(u,v) =0.

Problem. Find the general solution of the given PDEs below. Here z =
2(2,y), P =2, ¢ = 2.
(i) pr+qy =2
(i) psinx + gcosy =tanz
(i) y*p — vyq = (2 — 2y)
)

(iv) pz —qz = 22 + (x + y)?



(V) (2® —y2)p+ (y* — 22)qg = 2°> —xy
(vi) 2*(y — 2)p + (2 —2)g = 2*(x — )
(vii) z(y® — 22)p +y(2* — 2?)q = z(2* — ¢*)

Solution

(i) The auxiliary equation is

dv dy dz
r oy oz
From df = dgy, we get
x
loger —logy =1 = u=|—-|=c.
)
From df = %, we get
x
logx —logz =cy = v=|—|=co.
z

Hence, the general solution is F'(u,v) = 0.
(ii) The auxiliary equation is

dx dy dz

sinz cosy tanz

From -4 = 92 e have
sinx tan z’

/cscazdx:/cotzdz = logtangzlogsinz—l—logcl,

t 2
sin z
d
From -2 = & e get
cos Yy tan z

/secydy = /cotzdz — log(secy + tany) = logsin z + log cs,

secy+tany } _
sin z = C2.

Hence, the general solution is F'(u,v) = 0.

SOU:‘

(iii) The auxiliary equations are



dx dy dz

—xy  x(z—2y)

The first two ratios give

de  dy
y: o -y
The last two ratios give

—  ydr=—-xdy = u=1>+y>=C,.

d d
Y _ : = (z—2)dy = —ydz = v=yz—1y* =Cs.
—vy  w(z—2y)

Hence, the general solution is F'(u,v) = 0.
(iv) The auxiliary equation is

dv dy dz
z -z 224 (z+y)?

The first two ratios give

d d
_:c:_y = de+dy=0 = u=x+y="C.
z -z

Now, considering x + y = C} and the first and last ratios, we obtain

dz dz N 2zdz 54

— = ——— = 2dx.

z 224 CF 22+ C}
Integrating,

v=1In(z*+C}) — 2 = Cy.
Hence, the general solution is F'(u,v) = 0.
(v) The auxiliary equation is
de ~  dy dz
22 —yz yr—zx 22—uxy
which can be rewritten as
dx — dy dy — dz dz — dx

(z—y)z+y+2) W—2)(z+y+2) (EF—a)lr+y+z)
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Considering the first two terms and integrating, we get

de —dy  d(z —vy)
g g 1 —_
p— P d(In(z — y))
and dr — d
x —dy
a0
P d(In(z +y + 2)),

which gives

m(&) 0 — u-
r+y—+z

Similarly, considering the last two terms and integrating, we obtain

L=y

— | =0C1.
r+y—+z

v = y—2 = 02.
Z—x
Hence, the general solution is F'(u,v) = 0.
(vi) The auxiliary equation is
dx dy dz

2 (y—2) Ple—az) Ala—y)
Using <, %, 1 as multipliers, we get
1 1 1
—dx + —dy + —dz = 0.
x Y 2
Integrating,

logz +logy + logz =loge;, = u = |zyz| = ;.

Similarly, using w%, 1%, Z% as multipliers, we have,

1 1 1
ﬁdft + Edy + ;dz =0.
Integrating,
1 1

+_+_:C2.
Yy Z

1

v=—
x
Hence, the general solution is F'(u,v) = 0.
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(vii) The auxiliary equation is

dx dy dz

p(y? —22)  y(z2—a?)  z(a?—y?)
Using z, vy, z as multipliers, we get

rdr +ydy+ zdz = 0.
Integrating,

u=a*+y*+ 22 =c.

Again, using 91?7 i, % as multipliers, we get

1 1 1
—dzr + —dy + —dz = 0.
x Y z
Integrating,
logz +logy + logz =logcys = v = |zyz| = co.
Hence, the general solution is F'(u,v) = 0.
Problem. Form the first order linear PDE from these equations
(i) z=ax+by+a* + b
(i)
(i) ax +by +cz=1
)

2=f(%)

Problem. Find the general solution of the given PDEs below. Here z =
2(2,Y), P =2, ¢ = 2y

(i

z=a+b(z+y)

(iv

) ptanz + gtany = tan z

(ii) p —q = log(xy)

(i) (y—z)p+ (z —y)g=(z — )

(iv) (z +22)p + (422 — y)g = 227 + y
)

(v) z(y® + 2)p —y(@* + 2)qg = (2* — y*)2
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